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Abstract 

A new N = 4: superconformal algebra (SCA) is presented. Its internal affine Lie algebra is 
based on the seven-dimensional Lie algebra su{2) © g, where g should be identified with a four- 
dimensional non-reductive Lie algebra. Thus, it is the first known example of what we choose 
to call a non-reductive SCA. It contains a total of 16 generators and is obtained by a non- 
trivial Inonii-Wigner contraction of the well-known large N = 4 SCA. The recently discovered 
asymmetric N = 4 SCA is a subalgebra of this new SCA. Finally, the possible affine extensions of 
the non-reductive Lie algebra g are classified. The two-form governing the extension appearing 
in the SCA differs from the ordinary Cartan-Killing form. 
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1 Introduction 



= 4 super confer mal algebras (SCAs) in two dimensions have been studied extensively |jl], |2|, 
|3|, ^, ^. Their internal affine Lie algebras are all Kac- Moody (KM) algebras based on reductive 
Lie algebras. We recall that a reductive Lie algebra g admits a decomposition into a semi-simple 
Lie algebra and a direct sum of 'u(l)'s: 

fif = 5'ie...e5neti(i)e...eu(i) (i) 



Qi is a simple Lie algebra, and n or m may be zero. To the best of our knowledge, all known 
SCAs have an internal KM algebra based on a reductive Lie algebra. In the simple case of 
only one supercurrent, = 1, the internal symmetry group is generated by the identity, i.e., 
n = m = 0. 

The internal affine Lie algebra of the small = 4 SCA O is based on su{2); the large = 4 
SCA nil on su{2)(Bsu{2)eu{l); the middle A^ = 4 SCA ffon su(2)eu(l)eu(l)eu(l)eu(l); 
while the asymmetric A^ = 4 SCA [^] is based on su{2) © u{l) u{l). The total number of 
generators in the four examples listed above are 8, 16, 16 and 12, respectively. Besides the 
Virasoro generator, the four supercurrents, and the affine Lie algebra generators, the remaining 
generators are all spin-1/2 fields. 

It is possible to extend the asymmetric A^ = 4 SCA by considering one of the u{l) generators 
as the derivative of a scalar. It is this slightly bigger SCA that is provided in Q. 

Here we shall consider a non-trivial Inonii-Wigner (IW) contraction of the large A^ = 4 
SCA. The resulting algebra is of course closed under (anti-)commutators, whereas the Jacobi 
identities are not necessarily satisfied. However, we have checked explicitly that they are. They 
read 

= i-iriAr, [Bs,Ct}} + i-lf'^lBs, [Ct,Ar}} + i-ir'iCt, [Ar,Bs}} (2) 

where a is the parity of the field A etc. [•, •} denotes an anti-commutator when both generators 
are fermionic, i.e., of odd parity. It is otherwise a commutator. 

The internal symmetry group of the resulting A^ = 4 SCA turns out to be generated by 
an affine Lie algebra based on the seven-dimensional Lie algebra su{2) © g, where 5 is a four- 
dimensional non-reductive Lie algebra to be discussed below. This novel kind of A^ = 4 SCA 
has 16 generators: the Virasoro generator, A^ = 4 supercurrents, the seven-dimensional affine 
Lie algebra, and four spin-1/2 fermions. 

Affine extensions of non-reductive Lie algebras are in general not unique. Thus, the affine 
extension of g that appears in our A" = 4 SCA is dictated by the complex structure of the full 
SCA. We classify the possible affine extensions of g, and find that the extension relevant to our 
construction differs from the more conventional one governed by the ordinary Cartan-Killing 
form. 

The guiding principle while considering the particular and somewhat peculiar IW contraction 
alluded to above, was to look for an extension of the recently discovered asymmetric A^ = 4 SCA 
m. Indeed, the latter appears as a subalgebra of the likewise asymmetric new and non-reductive 
A^ = 4 SCA, rendering its unfamiliar number of 12 generators less mysterious. 

In the string theoretical context of the AdS /CFT correspondence, some explicit construc- 
tions of superconformal algebras have been obtained. The Virasoro algebra was considered in 
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Q, = 1, 2 and 4 SCAs were discussed in while a general approach to constructing SCAs 
on the boundary of AdS^ was outlined in ||5| . Those works rely on free field realizations of affine 
current (super-)algebras on the world sheet of the string theory. It would be interesting to see 
how the new A'^ = 4 SCA presented here fits into that framework. Free field realizations of 
generic affine current superalgebras first appeared in ^j. 



2 Large = 4 superconformal algebra 

Following [|], the large iV = 4 SCA is generated by L, G", U and with a = 1, 2, 3, 4 and 
i = 1,2,3. The conformal weights A for {G, A,U,Q} are {3/2,1,1,1/2}. A and U generate 
an affine su{2) © su{2) © u(l) Lie algebra. The large = 4 SCA is a two-parameter (doubly 
extended) algebra in terms of c and 7 or equivalently fc"*" and k~: 

k+ = ^ . k 



67 ' 6(1 — 7) 

6k+k- k- 

7 = l-TTTZ (3) 



k+ + k- ' ' k+ + k~ 

For convenience of notation, one introduces 4 x 4-matrices a satisfying 
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[a^\ a^i] = -J2 e'^'^a^^ , [a+\ a"^] = , {a±^ a^^} = -^6'^ (4) 



k=l 

They can be represented by 



a^^ = ±^-[6:6t-5l5t)+^e^^' (5) 
The large A'" = 4 SCA may now be written 



[Ln, Lm] = {n- m)Ln+m + ^2 ~ '^)^ri+mfi 

[L„,$,] = ((A($)-l)n-r)$„+, 
{G^,G\] = 2rt,+,-4(r-s)^(7a+M+|, + (l-7)a;,M- 

i=l 

+|(r2 - l/4)5"^5,+,,o 



[At\G'i] = Y.<l[Gi+r-'^{^-l)nQUr) 
h=l 

[K\G^,] = j2a-i{Gi^r + ^inQi^r 
b=i 

±i ±- ^ i-k ±k i- 

k=l ^ 

4 

iQA ~ Q^nT) Qn+r 
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c 

127(T- 7) 



[Un,Um] — — -1 „ /I ^n5n+mfl 
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=1 

c 

127(1-7)' 



= [At\A-^] = [U^,Q'::] = [Un,At:] (6) 
$ is any of the generators G, A, U or Q. 

3 Non-reductive = 4 superconformal algebra 

Let us introduce the hnearly combined generators 
and 

We immediately rescale and rename some of the generators: 

(/)-" = 27Q-" , (^-^ = 27g-^ 

= 2Q" , / = 2Q^ 
J = E+ , V = -fH+ , R = -fF+ 

E = E- , H = H- , F = F- (9) 
Note that E^ is not scaled. We also replace U with the spin-1 generator W: 

W = U- (10) 

whereby the generator briefly known as appears scaled as well as unsealed. The remaining 
five generators L and G are left unsealed. The conformal weights are "inherited" by the new 
generators (0) to (0): A($) G {3/2, 1, . . . , 1, 1/2} for $ G E, H, F, J, V, R, W, 

In terms of this equivalent set of generators, the non-vanishing (anti-)commutators of the 
large = 4 SCA are 



Ln, Lm] = (n - m)Ln+m + T^("-^ " n)5n+mfi 



c 

12 

[L„,«>,] = ((A($)-l)n-r)$„+, 

G;-} = Lr+s + ir-s) Qf.+. + ^(1 - 7)^r+s) + ^(r^ - l/4)5.+.,o 

{G^, G;^} = Lr+s + {r-s) - ^(1 - 7)Hr+s) + ^(r^ - l/4)<5,+,,o 
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L—a 



{C^, Gf } = (r - shJr+s , G;^} = -{r - 

{G?, GjP} = {r- s){l - ^)Er+s , {Gf , GJ^} = {r - s){l - j)Fr+s 
G-"] = -G^t - n<f>-^r , [En, ] = + 7^^^+. 

Gr] = Gn+r + 7'T'C+r ' i^n, = -G~"^ - 

Gf ] = -Gf+„ - 7n0^+, , [i/n, G;f] = G'^ + n<^,-^ 
Fn, G"] = G^+j. + -fn(l)^+r ) [-^n, G^ '^J = — G„"r - 

-E'jn 0r "] — -'/'n+r ) [-^ni ] — ^n+r 
Hny'Pr] ~ 4'n+r t [Hn}4'r ] ~ ~4'n+r 
HnA^r] = -<t^r+n. [HnAr^\ = <t^nir 
En: 4'r ] — 4'n+r i \En, 'Pr ^\ ~ ~ 4'n+r 

Jn, G-"] = -G^+, + (1 - 7)n4n+r , Wn, G^^] = G^+, - (1 - 7)"^+, 
Vn, G?] = 7G°+, - 7(1 - 7)nC+r , [Vn, G""] = ^7^,7^, + (1 - 7)n'^nt 

F„, G^^] = 7Gf+„ - 7(1 - 7)"'</'n+r , [K, G7^] = -7^;;+^ + (1 - l)n4n+r 
Rn, G?] = 7G;t - (1 - l)n4n+r , [^n, G^] = -7G-^, + (1 - 7)n(/'-" 

Jm] — Jn+m 1 [^n, Rm\ — "^^Rn+m 

c c 

Vn, Vm] = -^7''T'^n+m,0 , [Jn,Rm] = Vn+m + ^ndn+mfl 

Jn, 4r"] = -l4n+r , i^n, 4r^] = l4n+r 
Vn, 4r] = l4n+r , [Vn, 4^'"] = -l4n+r 



n+r 



Vn, 4''r\ = l4^r+n , [K, 4^^] = -l4~'^ 



Rn, 4r] — 4n+r , [R 



n+r 



n+r , [-"-nirrj — 'rn+r 



{0;?, G7"} = Wr+s + \Hr+s , {4r, } = -Jr+s 

{C,G7/^} = , {0f,G-} = J,+, 

{0^, Gjn = Fr^s , {44, G:^} = Wr+s - iHr+s 

{4>;^, Gn = Vr+s + iWr+s - ^iHr+s , Gf } = -7^,+, 

{0-", Gjl'} = Rr+s , {47', = -lEr+s 

{0-^, GJ''} = -Rr+s , {4r^ } = Vr+s + Wr+s + ^7^r+. 
{4?, 4-} = -^^^^r+s,0 , {4?, 4s'} = -^^^^r+s,0 

[Wn, G^] = -\Gl^r + (1 - 7/2)nK+. , Wn, G.-"] = \G-%r + \n4-n%r 

-/3 



\Wn, Gf ] = -^Gf+, + (1 - ^l2)n4Pn+r , \Wn, G"^] = ^G.^ + ^n<; 



n+r 
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[Wn, 


Jrn\ — 


'Jn+m , 


[Wn, Vm] = 


[Wn, 


€] = 






[Wn, 


<t^r] = 


--/ 
2 r'n+r , 


[Wn,4>;^] ^ 


[Wn, 


Wm] = 


C 

12(1 - 


n6n+m,0 

■7) 



^Vn+r 



\(t>n+T 

(11) 



As usual, we let denote any of the 15 generators different from L. 
3.1 Inonii-Wigner contraction 

The IW contraction of our interest corresponds to considering the limit 7 — > of the large 
A'^ = 4 SCA in the form (pA[). Even though the limit appears singular from the point of view of 
the redefinitions @, the algebra (0) does not display any divergencies. It merely reduces to 

[L„, L„] = (n - m)Ln+m + ]^("'^ ~ n)5n+mfl 
[L„,$,,] = ((A($)-l)n-r)$„+, 

{G?, G;"} = Lr+s + \{r-s) {Vr+s + Hr+s) + ^{r^ ' l/4)<5,+,,o 
2 

{Gf , GJ^} = Lr+s + I{r-S) {Vr+s - Hr+s) + ^(r' " l/4)5.+.,o 
2 b 

{G?, G;^} = (r - s)Er+s , {Gf , G7-} = (r - , {G"", G;^} = -(r - 

[-£"715 Gj, ] = — G„^,^ — ncj)^^^ , [-Efi) G^] = G„_|_,, 



n+r '"Yn+r 

-/3 
n.+r 



r tr /^ct] /^oi r TT a] y^—a 

[Hn, G^] = —G^+n , [Hn, G^ ^] = G^i+r + ''^^ ^ 

[-Pfi) G,,. ] = G(^_|_^ , [-FjT,, Gj, = — G^_|_, 



n+r ' L-^ nj'J'r J ~ "-^n+r ^y^n+r 
[Hn, Efn] = 2Eji~\-rn , [Hn, Ffn] = 2i^ft-j_j7j 

c c 

[Hn, Hm] = -n6n+m,0 , [l^n, Fm] = Hn+m + TT'^'^n+m.O 

S b 

[En,(f)r°'] = -<Pn+r , [Hn, (pr"'] = -'Pn+r 



[Hn,ct>;'']=4>-ir , [i"n,^-^l 



'-'n+r , y-^n,Vr \ ~ Yn+r 



[Vn, Gj. — n<f>^!^^ , [Vn, Gj. ^] — n(f)„!lj. 

[Rn,G"] = —n(t)^^j. , [Rn,G^] = nf/'n+r 

{<A-^ G^} = Vr+s , {0;", G;^} = Rr+s 

G-^} = -Rr+s , Wr^ } = Vr+s (12) 



and 



[En,rr]=rn+r. [i^n, C] = C+r 
[Hn,^?.] = -<i^^+n, [Fn,<t^':]=€+r 

[Jn, Gj. ] = — G(^_|_^ + n(j)^j^^ , [Jn, Gj. ^] = G„_|_j. — n(^^_^_^ 
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D 

[Rn, (t)r] = (f>n+r ; i^n, ^f] = -4>n+r 

1 

2 



[Wn, Gf ] = --G(^_,_r + ncj)^^^ , [W„, G,. ^] = -G^^j. + -ncp^l^ 

Q 

\WniJm] = —Jn+m , [Wn,Vm\ = —-n6n+m,0 , [Wn, Rm] = RnA 





n+r 



[Wn, <P?] = -\€+r , [Wn, <P;^] = ^^n+r 

[Wn,Wm] = -—n6n+m.fi (13) 

This algebra is singly extended, parameterised by the central charge c = 6k^ . For reasons 
which will become clear shortly, we have written the many non-vanishing (anti-)commutators 
in two separate families: (12) and (|l^). Half-integer moding of the fermionic generators G 
and (j) corresponds to a Neveu-Schwarz sector, while integer moding corresponds to a Ramond 
sector. 

The Jacobi identities (^) are in general not ensured after an IW contraction. However, we 
have carried out explicitly the tedious job of verifying (|2|) for the 16 generators of (12) and 
(|l^). Hence, this new SCA is well-defined. It is asymmetric in the way the supercurrents are 
treated, since {G~",G~^} = — (r — s)Rr+s while {G",G^} = 0. This interesting feature was 
also present in the SCA of [^. 

We observe that (12) is a subalgebra of the full SCA. When compared to the asymmetric 
SCA of this subalgebra is equivalent to the asymmetric one, provided the spin-1 generator 
R is considered the derivative of the spin-0 generator 5" of 

Rn = nSn (14) 



This means that the asymmetric SCA is slightly bigger than (12) since certain commutators 
involving 5*0 are non- vanishing [|[. 

In the extension governed by (|l3|), we can not consider the spin-1 field R straightforwardly 
as the derivative of a spin-0 field S. This follows from the commutator [Jn,Rni], for example, 
where the right hand side involves the spin-1 field V. 

Equivalent, non-reductive = 4 SCAs may be constructed by similar IW contractions. 
First, scaling and Q"*" instead of and Q~ @) will lead to an isomorphic SCA with the 
roles of G"*" and G~ interchanged. Similarly, one could consider the limit 7 ^ 1 in which case 
one would have to scale H~ and either F~ or (and leave H^, and unsealed). In 
this limit the central extension becomes c = Qk'^ . 
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4 AfRne extensions of Lie algebras 

Let us conclude by classifying the possible afiine extensions of the four-dimensional and non- 
reductive Lie algebra g. It is generated by the zero-modes {Jq,Vq, Rq,Wq} of the particular 
affine Lie algebra appearing in our construction above: 



[Jn ) Rm] 


— yn+m + -7:f^^n+m,0 
D 


[Wn, Jm] 


Jn+m 


[Wn, Vm] 


= —-ndn+mfl 



[Wn,Rm] 


— Rn+m 


Wn,Wm] 


— —Y^nOn+mfl 








[K, Vm] = [Vn, R^] = [Rn, Rm] (15) 

Abbreviating the zero-modes by {J, V, R, W}, the non- vanishing commutators of the algebra g 
are 

[J, R] = V , [W, J] = -J , [W, R]=R (16) 
This algebra is recognized as the semi-direct sum 

g = n(l) e ns (17) 

where the Lie algebra of strictly upper-triangular 3 x 3-matrices is the biggest non-trivial 
ideal of g. The u{l) is generated by {W}, while ns is generated by {J,V,R}. g is seen to be 
solvable. 

An affine extension of the generic Lie algebra 

[ja,jb]= fab'jc (18) 

is governed by the central extension (or level) fc, and a symmetric, bilinear and invariant two- 
form k: 

Kab = K-UaJb) 

K{[ja,jb],3c) = K{ja,[jb,jc]) (19) 

The resulting affine Lie algebra reads 

[ja,n 5 jb,m\ — fab jc,n+m 

+ nkHab^n+mfl (20) 



The invariance of k, in particular, is required by the Jacobi identities of (pOl). Note that k may 
be absorbed in a rescaling of /t. However, it is convenient to factorize the extension into the 
Lie algebra dependent object k, and the purely affine entity k. We see that a classification of 
possible affine extensions of a given Lie algebra amounts to classifying the K-forms of the Lie 
algebra. 

The canonical choice of K-form (19) is the ordinary Cartan-Killing form 

l^ab = fac'' fbd (21) 
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For simple Lie algebras, it is unique up to an overall scaling (the normalization chosen here 
is unconventional but irrelevant to our purpose). For non-reductive Lie algebras, on the other 
hand, there will in general exist several inequivalent K-forms. Here we shall classify them in the 
case of g (|l6|). 

The approach is straightforward and can be applied to any finite-dimensional Lie algebra. 
The defining properties of the K-form implies the anti-symmetry 

(22) 



cab 



cba 



where fcab = fca i^db 



It should be noted that since k may be degenerate, it in general can not be used as a metric 
whose inverse can raise indices. Now, considering fcab as a matrix element of the d x d-matrix 
fc {d is the dimension of the Lie algebra), the anti-symmetry ( p2|) imposes constraints on k. 
Along with the symmetry of k, Kab = Kba, those are the only constraints to impose. Thus, the 
classification is achieved by an analysis of the d matrices fc- In the case of g (|l6| ) we find the 
general K-form 



(23) 



Here 1 = —1. The matrix elements are labelled according to the order {J,V, R,W}, i.e., 
K24: = k{V, W) etc. We see that the ordinary Cartan-Killing form corresponds to (A, fi) = (2, 0), 
while the affine extension (15) corresponds to (A,/i) = (—1,2). In the latter case, the level has 
been normalized to A: = c/12. 
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As a final comment, we observe that in terms of the linear combinations 



U+ = Vn- 2Wn 



u: 



-2Wr, 



(24) 



la) becomes 



u- 



± 



Rm] 





n+m ^ n+m 
2Jn+m 

3 



c ^ 
H — no. 
6 



n+mfl 



n+m,0 



[Rji , Rn 



(25) 



Thus, the affine Lie algebra (|15| ) is seen to contain a level k = c/6 affine su{2) Lie algebra 
generated by {J, U~^,R}, and a level k = —c/6 affine su{2) Lie algebra generated by {—J, U~ , R} 
(or equivalently by { J, {7~, — i?}). We have used the term contain deliberately to emphasize 
that they are obviously not subalgebras. 
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